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A theorem useful for checking the accuracy of the wave function is presented, which is especially

valid and significant for open-shell systems.

The theorem connects the kinetic and potential energies

of electrons in the up- and down-spin states with one another through an antisymmetric quantity

concerned with the spin polarization.

Two mutually related derivations of the theorem are shown for the

atomic system: One from the hypervirial theorem sets forth the general applicability and the other by the
spin-dependent scaling clarifies the variational aspect. The numerical application to restricted and unrestrict-
ed analytic self-consistent field wave functions illustrates the sound nature of the theorem. Possibilities of
its extension and generalization are touched upon briefly.

The state energy is undoubtedly a quantity of
primary importance in the nonempirical calculation
of electronic wave functions, not only because the
quantity itself is the most fundamental that concerns
many physical and chemical properties, but also
because the approximate wave function is almost
always calculated through the variation principle
with the expectation value of the state energy as an
indicator of accuracy. However, since the state
energy given as an expectation value is of an
extremely global character, the accuracy of the wave
function cannot be checked enough if one concen-
trates exclusively on the lowering of the state energy
expectation value.

It is, accordingly, quite reasonable to examine an
expectation value of some physical quantity other
than the state energy, provided that the “exact” value
of the quantity is known. This way of checking may
work effectively for specific problems under the
appropriate choice of the quantity for examination,
but it hardly seems to give any feeling for the general
situation over various approximate wave functions of
different systems.

One can also utilize relations between physical
quantities which hold for the exact wave function or
in the limit of a specific approximation. Although
such relations can be often paraphrased into the form
that the expectation value of a relevant composite
quantity vanishes, there is qualitative difference
between the use of a physical quantity with a known
value and that of a physical relation, which is
inherently nonempirical and commonly applicable.
One of the most typical and important examples is
the virial theorein-% which has been frequently used
in terms of the virial ratio check.

The virial ratio is, as a matter of course from its
global character, not very sensitive in the high stage
of approximation. It is true, however, that the virial
theorem necessarily holds for the well-optimized
wave function even without the gross scaling which
forces the approximate wave function to satisfy the
theorem. So is that the approximate wave function
violating the theorem is more or less ill-behaved.

The usefulness of the virial theorem is mainly due
to its intimate association with the state energy. Two
dominant constituents of the state energy, the kinetic
and potential energies, are subjected to a definite
interrelation by the theorem, which is thus regarded
as acquanting us with some detail of the state energy,
an internal balance therein. Then, is there any other
profitable theorem on another internal balance in the
state energy?

In this paper we give an affirmative answer to this.
The key observation is that a simple expression
analogous with the virial relation is to be obtained
separately for electrons in the up- and down-spin
states. The expression is ready to lead us to a new
theorem besides the virial theorem. The constituents
participating in the new theorem are the kinetic and
potential energies of electrons in the up- and down-
spin states. They are connected with one another
through an antisymmetric quantity concerned with
the spin polarization. The theorem is, therefore,
expected to be especially valid and significant in
dealing with open-shell systems.

In the subsequent two sections, confining ourselves
to the atomic system, we describe the derivation from
the hypervirial theorem5-8 and the derivation by the
scaling dependent on the spin. The former is very
transparent and clearly sets forth the applicability of
the theorem, the latter clarifying the variational
aspect. Next, a simple illustrative application is
presented to restricted and unrestricted analytic self-
consistent field (SCF) wave functions. After short
concluding remarks, three appendices follow.

Derivation from the Hypervirial Theorem

Let {¢,.(r)é:} be a complete set of orthonormal spin
orbitals, £, being the one-electron spin eigenfunction;
o stands for the one-electron spin state, taking t (up)
or | (down), and r symbolizes the spatial coordinates
with the origin at the atomic center. The notation o
is used to indicate the spin state opposite to o in the
following. Each of {¢;(r)} and {¢;(r)} are assumed to
form a complete set of orthonormal spatial orbitals,
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though ¢,,(r) is not necessarily identical with ¢z (7).

" Denoting the creation and annihilation operators
for the spin orbital ¢;,(r),, respectively, by g} and ajo,
we can write the atomic electronic Hamiltonian in
the second quantized form as

HZ;(TG+V,,+W,,+W,;) (])
with

Ta = ;V‘; t/kaa}aakay (2)

Va = % vjkaayaaka) (3)
and

W,. = —l— > wikiial,al.a, . a; 4

ot 2 jk[m mePja% 1 @me o)

where

tr = [o10(-VD81. 00, (5)

ok, = f $1.(F)(~ ZIr) . (r)do, (6)
and

wint = f $Fe () 9 (ra) (1/712) $m - (1) Bo (M)dogdoy.  (7)

We abbreviate |7| to r and |r;-15| to 75 as usual; dv
stands for the spatial volume element and Z for the
atomic number. It holds that

Wﬂf = W?ﬂ (8)

as a direct consequence of wit;=w;.
Now the hypervirial theorem asserts that an exact
stationary state fulfils

[H,F]) =0 )

for arbitrary choice of an operator F of the system
considered.5-® The pure bracket means the expecta-
tion value in the exact stationary state. Introducing
the virial operator for the spin state ¢

Ga = Egjkaapaaku (10)
jk
with
e = — [TV RGO )

we adopt this (or Gi£Gi) as F in the hypervirial
theorem. Since V .7 is converted into r. V plus a
constant, the use of the non-hermitian virial operator
containing only r.Vis tantamount to that of the
present operator under the Hamiltonian which
conserves both the numbers of electrons in the up-
and down-spin states. We prefer the hermitian form;
it just fits the unitary transformation formalism.
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(See the next section and Appendix II.)

Because Go is commutative with Ts, Vs, and Was,
we have only to calculate the commutators of Go
with T, Vs, Wes, and Wos. The one-electron com-
mutators are readily found to be

[T,, G,] =—2T, (12)
and
v., G,1= —iv,. (13)
For the two-electron commutators we have
W,., G, 1= —i(1+6,.)(W,. +X,.)/2 (14)
with
X, = 3 sta).alan. gk, (15)
2 jkim
where

it = f 67 (1) B (re) (1/F10) m o (o) B, (r1)dvgdoy  (16)

with

fia = 1h/(ri—n3). 17)
The property that xjiz=—x/fs leads to

X, . =-X, (18)

in sharp contrast to Ws.. Because of this antisym-

metry it follows that
[va’ Ga] = —iwau) (19)

but
[Wo7) Ga] = _i(W07+XaF)/2' (20)

The quantity Xe is considered to represent the
electronic repulsion potential “filtered” with the
factor (ri—r%)/r%. It seems proper to refer to this
quantity as the spin polarization potential. The
point of calculation of the above commutators is
given in Appendix I

It is convenient to define the potential energy
operator for the spin state o as

U=V, + W,, + W5 21
The commutators in the preceding paragraph suffice
to give
[H, G,] =—-i2T,+U,+X,5), (22)
which results in
UT,) +U) +L(X,7> =0 (a=1, |) (23)

by virtue of the hypervirial theorem. By the relevant
recombination in this set of equations, which is
equivalent to using

{H, Gy £G]) =0, (24)

we obtain the virial theorem



2474
2T)+U) =0, (25)
where
T=T:+ T, (26)
and
U=U+U =V +V, + Wit + W, +2Wyy,
(27

and the following theorem independent of the virial
one.

24Ty + {4U) + (4X) =0 (28)

with
AT =T — Ty, (29)
AU=Ur —U, =V =V, + Wi =Wy, (30)

and
A4X=X1| — X1 =2X1,. (31)

We provisionally call this the spin virial theorem for
the sake of convenience.

It is evident that the spin virial theorem as well as
the virial theorem still holds even if the exact
stationary state is replaced with any approximate
state |@>that satisfies the one-electron hypervirial
theorem?

(P|[H, a}.a;,]|9) =0 (any jo,ko). (32)

The most representative example is the unrestricted
Hartree-Fock (HF) state and the restricted HF state
for the closed-shell system. The restricted HF state
for the open-shell system, however, does not satisfy
the one-electron hypervirial theorem in general, even
though it does

(P|[H, d}iar; +4},,,]|19) =0 (any j, k), (33)

which is enough for the virial theorem to hold. The
application to the approximate state with a specified
form is thus often to be considered with respect to the
exact limit of the approximation.

Scaling Dependent on the Spin

It is well known the close relation between the
virial theorem and the positive gross scaling in the
wave function, which can be worded in various
manner.? The essential point is still the equivalence
of the virial theorem to the variational condition
upon the scale factor incorporated into the wave
function.? The corresponding equivalence can be
obtained also for the spin virial theorem. Here, in
favor of naivety, we show a pedestrian approach
starting with the explicit introduction of the spin-
dependent scaling in orbitals, though the objective
can be reached elegantly with the unitary transforma-
tion formalism,8® which is outlined in Appendix II
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for reference.
Now incorporating the spin-dependent scale factor
into orbitals, we define the scaled orbitals as

P1.(rs A,) = X5, (A,7). (34)

The orthonormality is preserved;
[#205 108,053 13000 (35)

Soon it is seen to be suitable for our purpose to use
the following parameters 7 and 6 instead of At and A.

1, = exp(n++,0) (36)

x—{l
T =1

The creation and annihilation operators correspond-
ing to the scaled spin orbital ¢F(nN&= dp(r;4.)E, are
denoted by a¥' and a}, respectively.

We can rewrite Ts, Vo, and Wos in the scaled
representation simply as

with

(0=1)
(0=1). 37

T, = exp(2(p+«,6)) jz;,‘ tik,a}ll'all, (38)
V. = exp(n+£.6) 5 ogh.ai el (39)

and

W,, = exp(n+ x,0)—;-jk>l:1:n winea)l'altalia}!,  (40)
whereas we have

Wor= exp(n)y 3 wits@a el ailal,  (41)
where

wins(6) = f $7: (1) ¢ (r2) (1/r57(0)) $ma (7a) B (1) dvydry
(42)

with
ra7(6) = |exp(ks0)r, —exp(c,0)r, . (43)
As is implied by the notation, wjte(8) is independent
of 7, the n-dependence of the matrix element of Was
being completely put into exp(n).
The expansion theorem!® allows us, without loss

of generality, to write the exact or approximate state
|O) as

I0>=§:CMIM>, (44)

where Cwm is a numerical coefficient and [M) is a
single configuration state

|M) = Tl a},|vacuum) (45)
joeM
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which is characterized by a set M of relevant spin
orbital indices. The scaled state is obtained by
replacing a' with al, in the original state;

176> = 35 Cu| M6} (46)
with
|Mn8y = I1 a}’'|vacuum). (47)
joeM

The density matrices, yo and I',’,:Z, are consequently
kept unchanged;

Vike = {aj.ar. )0 = <a]/"al)),, (48)

and

ik = (a}.a}.am 81,0 = a].'al"aliall) 0, (49)
where {.-->0 and {.--)4 are short for the expectation
value in |O) and that in |98). Thus it follows that

(T,>y0 = exp(2(n+£,0))XT Do, (50)
<Vc+wva>v]0 = exp(’]+xu0)<Vv+va>0’ (5])
and
W2y = explr)g 3 wits(OT 1 (52)
Jkim

rather straightforwardly.

The differentiation of the above expectation values
with respect to 7 and 8 is trivial except that of {Woz)ns
with respect to 8. Going through

g ine(0) = x,xa5(0), (33)

where

*t2e(6) = f 63, (1) 82 () (U757 (6)) Bnlrs) B () doadlty

(54)
with
737(0) = r37(6)%/(exp(2x50)ri —exp(2x,0)r3), (55)
we arrive at
%(W,;),, = K,(X,,),,, (56)

since exp(n)*{k%6) is just the matrix element of Xo
in the scaled representation;

Koo = oy B AtsOarlatattarl.  O7)
After all, we have
9
FAT 00 = KTy, (59)

a
‘—a—o—<To>»70 = 2K,<T,>,)0, (59)
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d
W<VG+W01+W¢T>70 = <V¢+Wad+wv7>qh (60)
and

]
'a_0<Va + Wla + WaT)qU
= xc(<Vv+Wt¢>q0+<X'7>’l')‘ (61)

Complete parallelism between the present treatment
and the preceding one is quite clear in this step.

Using the above result with the notation defined
before, we immediately obtain

0
'5;<H>q0 =2§T),s + U0 (62)
and
0
W(”ho = 24T, +4U},, + {4X),,, (63)
which show that the variational condition
0
W(H D20 =0 (64)

and
d
20 (HY, =0 (65)

are equivalent to the virial theorem and the spin
virial theorem. The exact wave function evidently
lets these theorems hold. If 8 is excluded out or fixed
at zero throughout the treatment, the virial theorem
results alone.1?

Now suppose that one has an approximate wave
function violating both or either of the virial theorem
and the spin virial theorem. The relevant scaling
may be thought to improve the approximate wave
function, making it satisfy the theorems; yet, aside
from the case that the violation is conspicuous, the
approximate wave function will not be improved
genuinely with the sole use of the scaling. Here note
that the completeness of a set of spin orbitals is
assumed in the above, or else the Hamiltonian in the
scaled representation inevitably differs from that in
the original representation. Therefore, if one starts
with an approximate wave function determined with
some physical (presumably variational) condition in
an incomplete space built of finite spin orbitals, then
the scaled wave function may not fulfil the condition
with respect to the ‘“‘scaled”’ Hamiltonian.

Even in such a case, it is possible to invoke a
practical iterative procedure: After the scaling
process, calculate a wave function in the space built
of the scaled spin orbitals with the predesignated
condition, and go back to the scaling process with
the calculated wave function as a new nonscaled
wave function. This procedure is, however, not
recommended as a general way of improving an
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approximate wave function in an incomplete space.
The determination of n and 6 is considerably
laborious compared with that of the.gross scale
factor. It is rather important that the well-optimized,
refined wave function is to fulfil the theorems
without any scaling treatment. Here we only add
that the spin-dependent scaling in a finite basis space
necessarily leads us to “‘different bases for different
spins,”’1? which does not match the spin restricted
picture.

Illustrative Application

Here we apply the spin virial theorem to several
restricted and unrestricted SCF wave functions
obtained by the analytic expansion method,!3:149
using the spin virial ratio

2, = —(AV+AW+4X)/(24T), (66)

where 4V and AW are, respectively, the one- and two-
electron components of 4U. The upper bar means
the expectation value for the wave function under
consideration. Of course, the spin virial ratio takes
unity if the theorem is satisfied. Our aim now is to
realize the nature of the theorem rather than to test
those wave functions.

For the present application, the above expectation
values are reduced to the orbital integrals t;s, vjo, wiy |
w’,,ff,’ , and x%,. Further, for the restricted case, we
have only to take account of those integrals with
which the singly occupied orbital is concerned. The
integral of the spin polarization potential can be
calculated analytically as well as the others. A few
details of the integration are put in Appendix IIL

The results are summarized in Tables 1—4. The
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state considered is 2S5 for Li and Na, 2P for
B, and S for N. The basis sets are from Clementi
and Roetti’s table,’® unless otherwise specified.
For the restricted case, we used the data of expansion
coefficients in the published tables!5-1? directly
with no SCF recalculation. Hence, the accuracy
of the obtained values is a little degraded. The
calculated values of the state energy

E=T+U (67)
coincide with the published ones in five figures,
and the virial ratio

2, = —T/@T) (68)

remains 1.0000 with the deviation about £0.00001,
being omitted in Tables 1 and 2. On the other hand,
for the unrestricted case, we started with the SCF
calculation using Clementi and Roetti’s?® and
Weiss’'1® basis sets. Proper accuracy was sustained
consistently.

Table 1 shows how the spin virial ratio varies with
basis sets for the restricted case. The calculations for
B, N, and Na exemplify the varying with the size of a
basis set. We see a distinct gap between the single-
and double-zeta results, the change being small
beyond the double-zeta calculation. As the SCF wave
function approaches the HF limit, the spin virial
ratio appears to converge to the limit characteristic of
the system. This is ascertained by the calculation for
Li with different basis sets of fairly large size; the
values of @, are almost identical. As mentioned
before, the open-shell HF wave function inherently
violates the spin virial theorem,® so that the limit of
convergence is not unity in general. Although the
double-zeta results for B and N may look somewhat

TaBLE 1. VARYING OF THE SPIN VIRIAL RATIO WITH BASIS SETS (Restricted)

System  Basis —E/a.u. Q, AT [a.u. —A4V/a.u. AW/a.u. AX/a.u.
2slp 24.498 1.0142 0.7328 3.0267 0.9430 0.5971

B 4s2p 24.528 1.0059 0.7466 3.0286 0.9333 0.5933
5s4p 24,529 1.0061 0.7457 3.0249 0.9320 0.5925

6s4p 24.529 1.0061 0.7458 3.0251 0.9320 0.5925

2s1p 54.269 1.0123 5.5125 20.129 6.2993 2.6683

N 4s2p 54.398 1.0057 5.6315 20.128 6.1503 2.6506
5sd4p 54.401 1.0059 5.6289 20.111 6.1406 2.6464

6s4p 54.401 1.0059 5.6291 20.111 6.1406 2.6464

3slp 161.12 1.0348 0.2265 .3.1869 1.3856 1.3324

Na 6s2p 161.85 1.0143 0.2629 3.3000 1.4185 1.3481
7s3p 161.86 1.0134 0.2666 3.3110 1.4215 1.3492

8s5p 161.86 1.0128 0.2673 3.3154 1.4232 1.3508

6s 7.4327 1.0483 0.2088, 1.0362 0.3083, 0.2899,

Li 6s W2 7.4327 1.0484 0.2087, 1.0362 0.3083, 0.2900,
6s RSWb 7.4327 1.0484 0.2087, 1.0361 0.3083; 0.2899,

12s RSW 7.4327 1.0484 0.2088, 1.0362 0.3083, 0.2899,

a) Weiss’ basis, Ref. 16. b) Roothaan, Sachs, and Weiss’ basis, Ref. 17.
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strange at first sight, it is easily understood that such
results are quite probable and no strange. The spin
virial ratio need not to vary in parallel with the state
energy and further it now tends to the limit other
than unity.

In Table 2 we inquire into the behavior of the spin
virial ratio in different systems and in their
isoelectronic sequences for the restricted case. The
most remarkable feature is that the ratio has
comparatively small deviation from unity in the
isoelectronic systems of N and B. This is reasonably
ascribed to the fact that the influence of the spin
restriction is indirect in these systems, the p-
symmetry orbital being purely singly occupied. In
the Li-isoelectronic sequence we see that the spin
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virial ratio becomes close to unity as the nuclear
charge increases, but this inclination is not general in
the results for the other isoelectronic sequences. We
should not make such a hasty deduction as “the
tighter is the electronic cloud, the less effective is the
spin polarization.”  The change of £ in the
isoelectronic sequences is complicatedly affected by
the quality of the basis set and the constraint of the
spin restriction.

Turning to the unrestricted case, we examine the
spin virial ratio in different systems with the
variation of the basis set size in Table 3. Again a gap
is observed between the single- and double-zeta
results. Here, as expected, the limit of convergence is
certainly unity. Generally speaking, the unrestricted

TABLE 2. THE SPIN VIRIAL RATIO IN ISOELECTRONIC SYSTEMS (Restricted)

System Basis —E/a.u. 2, AT /a.u. —AV]au. AW/a.u. AX]a.u.
Li 6s W 7.4327 1.0484 0.2088 1.0362 0.3084 0.2900
Be+ 6s W 14.277 1.0348 0.7020 2.4292 0.5127 0.4636
B2+ 6s W 23.376 1.0266 1.4527 4.3160 0.7079 0.6253
Cs+ 6s W 34.726 1.0214 2.4566 6.7013 0.9000 0.7828
B 5s4p 24.529 1.0061 0.7457 3.0249 0.9320 0.5925
C+ 5s4p 37.292 1.0094 1.5812 5.3123 1.3347 0.7854
N2+ 5s4p 52.816 1.0088 2.6636 8.0576 1.7164 0.9670
O3+ 5s4p 71.095 1.0079 3.9963 11.289 2.0898 1.1437
C- 5s5p 37.709 1.0006 2.8379 12.044 4.3184 2.0468
N 5s4p 54.401 1.0059 5.6289 20.111 6.1404 2.6464
O+ 5s4p 74.373 1.0066 9.1330 29.416 7.8283 3.2019
F2+ 5s4p 97.609 1.0063 13.384 40.151 9.4725 3.7405
Na 7s3p 161.86 1.0134 0.2666 3.3110 1.4215 1.3492
Mg+ 7s3p 199.37 1.0186 0.7429 5.4628 2.0662 1.8831
Al2+ 7s3p 241.03 1.0194 1.3496 7.6631 2.6050 2.3064
Sis+ 6s3p 286.82 1.0186 2.0770 10.024 3.1035 2.6888

TABLE 3. VARYING OF THE SPIN VIRIAL RATIO WITH BASIS SETs (Unrestricted)

System  Basis —Efan. Q, Q2, AT a.u. —A4V/a.u. AW/a.u. AX/a.u.
2s 7.41848 1.00000 1.01539 0.22671 1.05135 0.30658 0.28436

Li 4s 7.43274 1.00001 1.00052 0.23671 1.06787 0.30848 0.28571
5s 7.43275 1.00000 1.00081 0.23655 1.06759 0.30844 0.28567

6s 7.43275 1.00000 1.00050 0.23682 1.06794 0.30845 0.28561

2slp 24.4984 1.00001 1.01424 0.73285 3.02665 0.94295 0.59713

B 4s2p 24.5281 1.00001 0.99630 0.79139 3.11632 0.95054 0.58886
5s4p 24,5293 1.00000 1.00005 0.78189 3.10128 0.94859 0.58885

6s4p 24.5293 1.00000 1.00005 0.78435 3.10867 0.95035 0.58953

2slp 54.2689 1.00001 1.01235 5.51251 20.1288 6.29935 2.66832

N 4s2p 54.4011 1.00002 0.99834 5.89470 20.6020 6.23750 2.59467
5s4p 54.4038 0.99994 1.00067 5.85057 20.5339 6.22763 2.59731

6s4p 54.4045 1.00000 1.00002 5.88815 20.6154 6.24400 2.59481

3slp 161.124 1.00001 1.03479 0.22654 3.18684 1.38561 1.33238

Na 6s2p 161.850 0.99997 0.98333 0.28987 3.33622 1.42229 1.34385
7s3p 161.859 1.00000 0.98964 0.27936 3.32259 1.42073 1.34893

8s5p 161.859 1.00001 0.99977 0.25937 3.28474 1.41352 1.35261
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TaBLE 4. THE SPIN VIRIAL RATIO IN ISOELECTRONIC SYSTEMS (Unrestricted)

System Basis —E/a.u. 2, 2, AT /a.u. —AVja.u. AW/a.u. AX]a.u.
Li 6s W 7.43275 1.00001 1.00006 0.23736 1.06859 0.30844 0.28539
Bet 6s W 14.2775 1.00002 1.00020 0.76390 2.49702 0.51282 0.45610
B2+ 6s W 23.3761 1.00001 1.00012 1.54555 4.41571 0.70798 0.61627
Ca+ 6s W 34.7262 1.00001 1.00006 2.57880 6.83083 0.90001 0.77292
B 5s4p 24.5293 1.00000 1.00005 0.78189 3.10128 0.94859 0.58885
C+ 5s4p 37.2926 0.99999 1.00010 1.64570 5.42579 1.35479 0.77926
N2+ 5s4p 52.8163 1.00000 1.00008 2.74665 8.19062 1.73679 0.96007
O3+  5s4p 71.0953 1.00000 1.00003 4.09556 11.4380 2.11001 1.13654
C- 5s5p 37.7098 0.99994 1.00052 2.93956 12.2831 4.37962 2.02134
N 5s4p 54.4038 0.99994 1.00067 5.85057 20.5339 6.22763 2.59731
o+ 5sdp 74.3764 0.99995 1.00060 9.41548 29.9050 7.91634 3.14616
F2+ 5sd4p 97.6134 0.99996 1.00048 13.7176 40.6902 9.55958 3.68220
Na 7s3p 161.859 1.00000 0.98964 0.27936 3.32259 1.42073 1.34893
Mg+ 7s3p 199.372 1.00000 0.99302 0.79532 5.52702 2.07072 1.87676
A+ 7s3p 241.030 1.00000 0.99494 1.44237 7.77862 2.61401 2.29447
Si%+  6s3p 286.821 1.00000 0.99582 2.20720 10.1838 3.11543 2.67239

SCF wave function fulfils the spin virial theorem
much more well than the restricted one. It may be
interpretable as a reflex of this that the unrestricted
calculation often gives excellent estimates for spin-
related quantities. As another overall feature we
should point out that the unrestricted wave function
gives larger 4T and smaller 4V than the corresponding
restricted one almost exclusively.

Table 4 presents the results for the unrestricted wave
functions of the isoelectronic systems of Li, B, N, and
Na, complementing Table 2. Though the values of
Q; in the Na-isoelectronic systems have a little large
deviation from unity in comparison with the others,
we can say that all the members fulfil the spin virial
theorem fairly well, taking it into consideration that
the basis set used are optimized for the restricted
calculation. Comparison between Tables 2 and 4
manifests that the spin restriction is surly a severe
constraint.

Concluding Remarks

The spin virial theorem is thought to have both
the practical and conceptual significance. The
former results from the validity for examining
approximate wave functions, being accorded - with
our original motivation, and the latter consists in the
clear recognition of the fact that the motion of
electrons in the different spin state is regulated in the
stationary state so as to maintain the specific balance
represented by the theorem. This recognition is quite
fundamental and no less important than the
practicability. It is also to be emphasized that the
spin virial theorem as well as the spin polarization
potential, which is indispensable for the theorem, is

not an artificial but natural conception describing a
leading feature of the electronic structure.

The idea of specifying the spin state of an operator
in the hypervirial theorem seems to be fruitful. We
would like to regard the present theorem as the
inception of the spin-related theorems derivable from
the hypervirial theorem. Moreover, noting that the
virial and the spin virial theorems correspond to the
Pauli matrices gy and a,, respectively, we have certain
possibilities of generalization to the other Pauli
matrices with appropriate choice of an operator,
provided that the Hamiltonian is not spin-conserva-
tive.

An extension of the present theorem to the
molecular system is conceptually straightforward,
and indeed no essential difficulty is met in the
formulation using the hypervirial theorem. Neverthe-
less, we have much to be considered: There are some
nuclear-coordinate derivatives that do not vanish
even in an equilibrium position. The actual
calculation of the spin polarization potential is, of
course, very troublesome.

Finally, we would like to add that the spin virial
theorem is completely quantum-mechanical, having
no classical counterpart, in striking contrast to the
virial theorem.

Appendix I

What is to be noted is that the spin state is specified but
that we still have the completeness
2 B0 (r) 9. (ry) = 6(ry—rsy). (69)

By virtue of this, for example, it is found that
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[Ta’ Ga] = % (tjluglka_gjlvtlkn)agcaku
J

- ‘;_ 2 f $5. (NIV? r-Vigy, (r)dval,a,.

(70)
Hence we have only to use the well-known relation
[VE r.-V] =2V2 (71)
Likewise
(ir, r-V]=1r (72)

suffices for the case of V.. For the two-electron operator,
again by virtue of the above completeness, we have

1
[War’ Gv] = (l+6vr)'2—

k.
X 2 (Wininko — EinoWine)a} .8} am a4,

Fhimn
= —t+8,0y 3 [[srmsneting nvi
Jkim
X Gme(Fa) P, (ry)dvgdo, a ,al am ap,. (73)

Calculating the commutator in the integrand as

[Ure 1-V,] = (ri—ry-1)/r,
= (UYra+ (ri—r))/rh)/2, (74)

we reach the resultant.
Appendix II

The crucial point is that the definition of the scaled state
with the unitary transformation®.®

178) = exp(—i(G1 +G)7—i(G1 —G)0)|O) (75)

immediately leads to

9 .

W(vOIHIW) = —Ky0|[H, G1+G 1|76 (76)
and

) .

50 01 H|70) = —i(nb|[H, G1 -G ]|76). (77

If the unscaled state [O) is written in the expanded form
(Egs. 44 and 45), we have

176> = 3 Cue T al. (1) | vacuum, (78)
where

aj.(u,) = exp(—iG,u,)a}.exp(iG,u,) (79)
with

u, =7+ «,0, (80)

because a}, is commutative with Gz and because

exp(—iG,u,) |vacuum) = |vacuum). (81)

The unitarity allows us to put
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aja(”a‘) = % ujka(ﬂa)aky (82)
with
uyes () = f B, ba. (r + w)do, (83)

where ¢(r: ) is the spatial orbital associated with a,l(y,,)
and ap(Ms). From the differential equation

d
afd(”ﬂ) = -—i[G”, aja(”a)]

ou,
i > gjkoaro () (84)

we can extract the equation for the orbital

0
ou,

B1u(rin) = (VLT RGrin). (8)

It follows immediately that
¢ja(r:ﬂa):exp(3ﬂa/2+”ar' V)¢/6(r)p (86)

which is readily proved to be identical with our scaled
orbitals.

Appendix III

We can analytically integrate the matrix element of the
spin polarization potential

P= _[ f 01(7) 03(r2) (=) frs)dngd, (87)

rather easily when one of p, and p, is spherically symmet-
ric. The analytic integration is not only useful in actual
calculation but also instructive because it reveals a latent
characteristic of the spin polarization potential. Now
we assume p, is spherically symmetric; py(rs)=ps(rs). Let-
ting the direction of z axis of the second coordinates
coincide with that of 7, we change the integration vari-
able 6, with r,. Then we have

T2

o Ty +
P=2n f d, [) draps(r)pa(rrmti—r) [

r1—rs)
=15, — I,>p (88)
with
Li>r, = 4 [ Jdnosan (89)
and
) — fdvl,ol(rl) ':?rzpz(rg)rz. (90)

These integrals are already familiar. They appear in the
calculation of the matrix element of the Coulomb-type
electron repulsion integral

1= ffpl(fl).oz(’z)(U'lz)duzdvn 91)

which can be arranged as



2480

] Ty +72
I=2n f duy ﬁ drapa(ry) pa(ra)ri', f drs

rn—rz|
=Iyy>p + 1>y, (92)

to clarify an intimate connection between P and I.. Besides

the density built of s-symmetry orbitals we have a few types

of spherically symmetric densities, say, the sum like
2+p2+p% the above treatment is widely practical.
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